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The phenomenological description of propagation of 
atomic matter waves inside a curved atom wave guide is pre- 
sented based on the effective action principle. The evolutions 
in both temporal and spatial domains for the atomic matter 
wave in the presence of guiding potential fields (classical and 
quantized) are considered. The coherent control of three-level 
atomic matter waves in a wave guide by an external control- 
ling light is briefly discussed. The concepts of atomic matter- 
wave bandgap structure in a spatially periodic guiding field 
{e.g., the interior potential of carbon peapod which can trap 
both atoms and light) and optical lattice bandgap medium are 
suggested. 

PACS. 42.50.Ct Quantum description of interaction of light 
and matter - 03.65.Sq Semiclassical theories and applications 
- 03. 75. Be Atom and neutron optics 



I. INTRODUCTION 

During the last few years, with the development 
of matter-wave interferometry and atom-manipulation 
technologies {e.g., guiding, cooling and trapping atoms), 
many rapid progresses have been made in the atom op- 
tics (atomic matter- wave optics) [1-5]. The techniques 
(including the atom optical devices) utilized for manipu- 
lating atoms are as follows: magnetic confinement inside 
both hollow glass tubes [6] and current carrying wires [7] , 
permanent micromagnets [8], light-induced force trap- 
ping [9] and microfabricated-structure method [10]. The 
controllable manipulation of cold neutral atoms in field 
potentials created by substrate mounted microstructures 
has been advancing at an increasing pace recently. Many 
matter-wave optical devices such as tightly confining 
traps and guides [11,12], beam splitters [13] and mir- 
rors [14] have been realized on such atom chips. More 
recently, Kriiger et al. suggested a scheme of three- 
dimensional trap formed by modulating a magnetic guide 
using electrostatic fields, and observed atoms trapped 
in a string of up to six individual such traps [15]; Luo 
et al. presented an omnidirectional matter wave guide 
(atom fibre) on an atom chip, and demonstrated the 
guiding of thermal atoms around more than two com- 



plete turns along a spiral shaped 25 mm long curved path 
(curve radii down to 200 /an) at various atom-surface 
distances (35-450 /im) [16]. As for the theoretical study 
of atom trapping and manipulating with microfabricated 
structure (atom chips), Jaaskelainen et al. considered 
many related topics, including the localization in split- 
ting of matter waves, adiabatic propagation and reflec- 
tion of atoms in potential structures, self-imaging in atom 
wave guides, multimode interferometer for guided mat- 
ter waves as well as quantum-state measurement through 
ballistic expansion of matter waves [17-22]. Since most 
of these investigations concentrated their attention pri- 
marily on the subjects of the matter-wave propagation 
in the straight atomic-wave guides, but did not consider 
the topics inside the curved (say, spiral shaped) guides 
[16], we proposed a formulation to deal with the wave 
propagation problem in the curved guides in Ref. [23], 
which is a phenomenological description of time evolution 
of atomic matter waves inside a noncoplanar atom fibre 
(atomic- wave guide). In this paper, we first establish 
a theoretical base for such a phenomenological descrip- 
tion, and then treat the evolutional behavior of neutral 
atomic matter wave in both classical and quantized po- 
tential fields. We discuss the evolutions of guided atomic 
matter wave in both spatial and temporal domains. As 
one of the most remarkable results of this treatment, the 
atomic matter-wave bandgap structure in a cavity field 
and a spatially periodic guiding field is considered. Here 
the concept of atomic bandgap medium (optical lattice 
bandgap medium) is analogous to the photonic bandgap 
material (photonic crystal) [24,25] and phononic crystal. 
Finally, we suggest and briefly discuss a scheme of the 
controllable manipulation of three-level atomic matter 
waves in a wave guide by an external controlling light. 



II. PHENOMENOLOGICAL DESCRIPTION OF 
PROPAGATION OF ATOMIC MATTER WAVES 
INSIDE A SPIRAL SHAPED ATOM WAVE 
GUIDE 

In this section, based on the effective action principle, 
we will suggest a phenomenological description of prop- 
agation of atomic matter waves inside a spiral shaped 
atom wave guide (atom fibre). It was verified in Ref. [23] 
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that the effective interaction that causes the curved-path 
motion of matter wave in the atom fibre is a "magnetic" - 
type (topological, global) interaction, which has a vanish- 
ing action [26]. So, we should construct such a vanishing 
action (or Lagrangian). In general, the propagation of 
matter wave inside the guide contains the transverse and 
longitudinal motions. The atomic motional state in the 
transverse direction is confined (trapped) by a side-guide 
potential (e.g., magnetic- wire guide potential that is the 
result of the homogeneous external bias field). Thus, 
atoms can only be guided along the third unconfincd (lon- 
gitudinal) direction. First we assume that the guiding 
potential allows us to separate the atomic matter wave- 
function, i.e., in the wave guide it can be rewritten as the 
product of the transverse state and the longitudinal state. 
The transverse modes can be chosen to be the standing 
wavefunctions or harmonic oscillator eigenfunctions [18], 
which we will not consider further here. Instead, we are 
concerned with the atomic motion (wave propagation) 
in the one-dimensional longitudinal direction. Thus, the 
vanishing Lagrangian that characterizes the phenomeno- 
logical (effective) interaction between the guided matter 
wave and the guiding potential fields can be written as 
L = r/h(kv — k • v) = r/hk ■ r, where dot denotes the 
time derivative, and v and k the atomic velocity and the 
propagation constant (wave vector), respectively, along 
the guide path (one-dimensional longitudinal propaga- 
tion), v and v arc defined as v = dr/di and v = ds/dt, 
where s is the guide path length. Since the direction of 
k is the same as that of the one-dimensional longitudinal 
guide path, then one gets the relation ks = k • r. For 
a matter wave, the relationship between the wave vec- 
tor and the particle velocity is k = fxv/h, where \x is 
the mass of the atom. Thus one has /iv • k/ (hk 2 ) = 1. 
So, the phenomcnological Lagrangian can be rewritten 
as L = Tjh (/i/Ti/c 2 ) (v • k) k • r. It is assumed that the 
modulus of the wave vector k does not alter much in 
the evolution process inside the curved atom wave guide, 
i.e., k 2 can be considered a constant number. Thus, 
we can have v • k = 0. If we add a vanishing term 
— T]h ([i/hk 2 ) (v • k)r ■ k to L, then the new Lagrangian is 



k + 2r/k x 



L = T]/J,V ■ 



k X k 

k 2 



(1) 



Apparently, such a Lagrangian has a form fi~v ■ A. Here 
the three-dimensional effective vector potential is A = 
rjr x (k x k)/fc 2 , and in consequence, the phenomeno- 
logical (effective) field strength is B c g = V x A = 
— 2r/(k x k)/fc 2 . Further calculation shows that the phe- 
nomenological Hamiltonian is H = (P — /iA) 2 with 
the canonical momentum being P = fi\ + fiA. So, the 
equation of motion of the guided atoms takes the form 
p = fiv x (V x A) = -2i]/j,v x (k x k)/fc 2 , namely, 



k x k 



0. 



(2) 



Now we can determine the parameter rj in both the 
Lagrangian and the above equation. It is apparently 
seen that when r] is taken to be 1/2, the obtained 
k + k x (k x k)/fc 2 = is an identity. In what follows, 
we take r\ = 1/2. 

Because of V • A = 0, the above phenomenological 
Hamiltonian can be rewritten as H = P 2 /2/i — A • P + 
(p/2)A 2 , where the term —A • P is 



(3) 



where J = r x P, which is the total angular momentum of 
both guided atoms and guiding potential fields. It should 
be noted that the above analysis is treated merely inside 
the classical Newtonian framework. If one utilizes the 
equivalence principle, the effective Hamiltonian that de- 
scribes such a phenomenological interaction is two times 
that of the obtained result (3) [27-29]. Thus, the total 
effective Hamiltonian is 




fleff(t) 



k(t) x k(t) 
k 2 



J, 



(4) 



and consequently the equation governing the time evolu- 
tion of the atomic matter wave inside the noncoplanarly 
curved atom fibre is of the form 



H eS (t)\m,k(t)) =ih^- t \m,k(t))- 



(5) 



The solution to the above equation has been presented in 
Ref. [23]. In the following, we simply mention the princi- 
pal result of Ref. [23]. In order to solve Eq. (5), the atom 
wave vector can be rewritten in the spherical polar coor- 
dinate system, i.e., k(t) = k (sin 9 cos (p, sin 9 simp, cos 9), 
where both 9 and <p are the time-dependent functions. It 
is assumed that the initial wave vector is k(0) = (0, 0, k), 
i.e., the initial polar angle 9(0) = 0. According to 
the Lewis- Riesenfeld invariant formulation [30,31], the 
wavefunction in Eq. (5) can be written in the form 
\m,k(t)) = exp [A</>m(i)] V(t)\m), where |m) is the ini- 
tial state satisfying the eigenvalue equation Jz\m) — 
mh\m), and the expression for the phase is <f> m (t) = 
m Jq ip(t r ) [1 — cos 9(t')] dt'. The time-dependent opera- 
tor V(t) takes the form V(t) = exp [/3(f) J+ -/3*(t)J_] 
with j3 = -(0/2)exp(-ip) and 0* = -(9/2) cxp(iip). 
Here the operators J± — ( J\ ± i J 2 ) /Ti- 

In the above, we obtained the atomic matter-wave mo- 
tional state of one-dimensional longitudinal propagation 
in the curved atom fibre. 
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III. ATOMIC MATTER WAVES IN THE 
PRESENCE OF A GUIDING POTENTIAL FIELD 

A number of ways has been suggested for building 
atomic matter- wave guides in experiments. These in- 
clude the methods by using electric (electrostatic) forces 
[32-34], magnetic forces [35-37], and light-induced forces 
[38-40]. Here, we will briefly consider the scheme of elec- 
tric (electrostatic) and magnetic forces, and then investi- 
gate in details the time evolution of the interacting sys- 
tem (including the atomic internal levels, light fields and 
atomic centre of mass motion) in the scheme of light- 
induced forces. 



A. Electrostatic field as a guiding field 

The techniques of electric-magnetic traps and guides 
can be utilized to realize the monomode atom wave 
guides and are integrated into a mesoscopic "atom chip" 
technology. The interaction Hamiltonian of the electro- 
static fields and neutral but polarizable atoms (polariz- 
ability a) is given i7 c _ a = —aE 2 /2 [15], which leads to 
the propagation of atomic matter wave along the one- 
dimensional longitudinal direction inside the atom wave 
guide. Such a motion results from the mechanism that 
the atomic centre of mass will be drawn towards the 
larger electric fields since the interaction between the 
induced electric dipole and the electric field is always 
attractive. To realize a stable trapping configuration on 
atom chips, one can use a combination of the electric and 
magnetic interactions. The full Hamilton of such a three- 
dimensional confinement is H = /ib(/fTOfS — aE 2 /2 
[15], where /ie, 9f, wf, B denote the Bohr magneton, the 
Lande factor, the magnetic quantum number, and the 
magnetic field modulus, respectively. Here, the role of 
the magnetic interaction is to realize a magnetic wire 
guide (side guide), in which atoms are trapped in a po- 
tential tube along a line parallel to a straight current 
carrying wire [16]. Recently, Luo et al. reported an ex- 
periments of trapping and manipulating neutral atoms 
with electrostatic fields [15]. More recently, this group 
reported on the implementation and experimental test of 
a key element for the controlled manipulation of matter 
waves on the atom chip: an omnidirectional atom fibre 
[16]. As to the theoretical treatment for the scheme of 
electrostatic and magnetic forces, readers may be referred 
to Refs. [17-22]. 



H a (r, t) = -hA (|e)(e| - |g)(g|) - p cg • E (r, t) |g)(e| 

-p ge -E(r,i)|e)(g|, (6) 

where |e) and |g) denote the ground and excited states 
of the two-level atom, respectively, and the frequency 
detuning A = lu c — u>. Here u> c and to are the atomic 
transition frequency and the light-field mode frequency, 
respectively. In the representation of the two-state base 
vectors {|e), |g)}, the matrix form of H a (r,i) reads 



H a (r,t) = 



\%A 

V* (r, t) 



V(v,t) 
-\KA 



(7) 



where V (r, t) = -p ge • E(r,t) and V* (r,t) = -p eg ■ 
EM). 

Here we only consider the ultracold atoms, whose 
centre of mass motion cannot easily drive the transi- 
tions between the atomic internal levels. If the ex- 
ternal field varies spatially rather adiabatically, then 
the Born-Oppcnhcimcr approximation is applicable to 
this problem, and the wavefunction, "J^ (r, t), of the 
atomic system can be separable: it can be rewritten as 
the product of the centre-of-mass wavefunction & v (r, t) 
and the atomic internal-level eigenstates \ip (r, t; 77)), i.e., 
^ n (r, t) = <!>,, (r, t) \ip (r, t; 77)). Because of the validity of 
the Born-Oppcnhcimcr approximation, the derivatives of 
\tl> (r, t; 77)) with respect to the spatial coordinates can be 
ignored in the following calculation. Thus, the motional 
state of the atomic centre of mass and the wavefunction 
of atomic internal levels agree with the following time- 
dependent Schrodingcr equations 



$,(r,t) = in^*,(r,t) (8) 



and 



[H a (r, t)-U (r, t)] |V (r, t; r,)) = ih- |V (r, t; r,)), (9) 

respectively. If one substitutes the relation \ip (r, t; 77)) = 
exp (i/h) f*U(r,t')dt' \ip (r,i; r}))u into Eq. (9), then 
one can obtain 

H a (r, t) |V (r, t; v ))u - ift^lV (r, t; r,))u- (10) 

In the following, we will solve the time-dependent 
Schrodingcr equation (10). 



B. Light-induced potential as a guiding potential 

The total Hamiltonian of the atomic matter wave is 
H (r, t) = p 2 /2^i + H a (r, t). Here H a (r, t) denotes the 
Hamiltonian of the atomic internal levels coupled to a 
guiding potential field, and has the following form 



C. Time evolution in the presence of light fields 

The study of topics on the time evolution in atom op- 
tics is of interest. For example, recently, several proposals 
for atomic matter-wave interferometers have been made 
in the context of splitting and combining a microtrap 
ground state with a time-dependent potential [20,41,42]. 
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Here, we also consider the behavior of atomic matter 
wave in the presence of a time-dependent guiding po- 
tential field. 

For convenience, in the following we will temporarily 
not mention the variable r in V. The Hamiltonian (7) 
can be written in the form H a — v\0\+V202 + (^A/2)cr 3 , 
where oVs denote the Pauli matrices, and V = v\ — if 2, 
V* = v\ + iv 2 . Thus, H a (t) can be rewritten as 

H a (t) = nn{t){^ sin 9{t) cxp \-i<f>{t)] S+ 

+ i sin 9{t) exp \i<j>{t)] 5_ + cos 0{t)S 3 }, (11) 

where the instantaneous energy eigenvalue HQ(t) — 

2^h 2 A 2 /4 + V*(t)V(t), 9 = arccos(A/ft) and = 
arctan(w 2 /fi). The operators Si = (l/2)<7j (i = 1,2,3) 
and S± = Si ± 1S2, and agree with the commutation re- 
lations = 25 3 and [S3, Si] = ±S±. According 
to the Lewis- Riesenfeld invariant theory [30], the Lewis- 
Riesenfeld invariant that has time-independent eigenval- 
ues obeys the following Liouvillc-von Neumann equation 
[30] 



|/ W + 1[/ W ,^)]=0. 



(12) 



The eigenvalue equation of the invariant I(t) is 
I(t)\t;rj) = r]\t;rj), where the eigenvalue rj is time- 
independent, i.e., drj/dt = 0. As the Hamiltonian is 
constructed in terms of the three operators S 3 and S± , 
the invariant I{t) in Eq. (12) should also take the form 
expressed by these operators. Thus, we have 

I(t) - isin^)exp \-K{t)]S+ 

+ i sin exp [iC(t)]S_ + cos?(t)S 3 . (13) 

The time-dependent parameters <;(t) and £(t) can be de- 
termined by Eq. (12). Insertion of Eq. (13) into Eq. 
(12) yields the following set of auxiliary equations 



exp (— i() cos <; — «C sin (j — «51[cxp(— i<f>) cos <; sin 9 

— exp(— iC) sin<;cos0] =0, 

(T + Qsin0sin(C-<£) = O, 

(14) 



which can determine the parameters <r(t) and £(f) of the 
Lewis-Riesenfeld invariant (13). 

It follows from the Lewis-Riesenfeld invariant theory 
that the particular solution \ip (r, t; r]))u of the time- 
dependent Schrodinger equation (10) is different from 
the eigenstate \t; rj) of the invariant I(t) only by a time- 
dependent c-numbcr factor exp [i , namely, the 
general solutions of Eq. (10) can be written in the form 



|*(t)) = £c„exp 



if 1 



\t;v) 



(15) 



where C v stands for some certain time-independent coef- 
ficients, and the time-dependent phases in (15) are given 

by 



Jo 



H(t') - %h 



d_ 

dt 1 



\t';r])dt'. (16) 



In view of the above discussion, one can see that 
if the eigenstate |f;fj) is obtained, then the time- 
dependent Schrodinger equation (10) is solved by the 
Lewis-Riesenfeld invariant theory [30]. To solve the 
eigenvalue equation I(t)\t;r]} — rj\t;r/) of the invariant, 
one can utilize a time-dependent unitary transformation 
V(t), which leads to [43] 

[V\t)I(t)V(t)\ V\t)\t; V ) = vVHm V)- (17) 

It is believed that by choosing the appropriate param- 
eters in V(t), one can obtain (t)I(t)V(t) = S3 and 
\rj) = V^(t)\t;r]), and thus Eq. (17) will be rewritten as 
a very simple form S 3 \r]) = 77)77), which is easily solved. 
Such a time-dependent unitary transformation operator 
takes the form [31] 



V(t) = exp 



iC(t) 



s+ 



C(t) 



(18) 



By using such a time-dependent unitary transformation, 
the time-dependent phase (16) can be rewritten as 



ip v (t) 



v7l 



vHt')H{t')V(t') - iW\t') 



dt' 



\v)dt'. 
(19) 



Further calculation shows that ip v (t) = ip^ (t) + ip^ (t) , 
where the dynamical phase is 

<P i n ) (t)=V I &fi(t / ){cos?(t / )cos0(t') 
Jo 

+ sinc(t') sin 9{t') cos [((f) - <f>(t')]}dt' , (20) 
and the geometric phase is 

^\t) = r, f H(t')[l-co^{t')]At'. (21) 
Jo 

As the eigenvalues of S3 are ±1/2 corresponding to 
the eigenstates 1 77 = ±5), the eigenvalues of the invariant 
I(t) are 77 = ±1/2. Thus, the eigenfunctions of the invari- 
ant are as follows \t;rj = ±|) = V(t) \rj = ±5), which 
can be rewritten as 



4 



cos ■ 



o*C(t) : 



i) 



cos 



?(*) 



e -CW sin £ffi ( I 



(22) 



where \rj — have been expressed by the two- 

dimensional column matrices, i.e., 



(23) 



d 2 / h 2 A 2 

lL± ] J— r + V*(r)V(r) 



$± (r) = E$ ± (r) . (26) 



In principle, we presented a theoretical treatment for 
the time evolution of the atom-light interacting system. 



IV. ATOMIC MATTER WAVE IN A WEAKLY 
GUIDING FIELD 

A. Atomic matter wave in a quantized light field 



D. Discussions 

In what follows, we will discuss the adiabatic case. 
It is apparent that when the Hamiltonian (11) is time- 
independent, i.e., the parameters 9 = const, and <j> = 
const., according to the auxiliary equation (14), the so- 
lution of the parameters in the invariant (13) is <; = 9, 
Q = (f). For the adiabatic case, s(t) ~ 9(t) and ((t) ~ (f>(t) 
can be viewed as the approximate solution of the auxil- 
iary equation (14). So, in the adiabatic approximation, 
the eigenbasis (22) of the invariant I{t) will be reduced 
to the following form 



\t; -q = +i) = cos 
\t; r] = -|) = cos 




e' v sin ■ 







e-^sinf K Q 



(24) 



The general solution of the time-dependent 
Schrodinger equation (10) is 



|*(t)> = c+(t) 



-(*) 



\), (25) 



where the time-dependent coefficients arc defined as 
c±(t) cx cxp [-i<Pr)=±i/2(t)/h]- 

According to the two expressions (20) and (21), the 
phase in the time-dependent coefficients c±(t) is ex- 
pressed by f v (t) ~ ?7 J Q * hrt(t')dt'. In the meanwhile, 
the invariant I(t) is also reduced to the Hamiltonian, 
i.e., I — > H/VL. This, therefore, means that in the adi- 
abatic approximation, the eigenvalue equation of the in- 
variant acts as the instantaneous eigenvalue equation of 
the Hamiltonian. In the nonadiabatic case, however, the 
instantaneous eigenvalue equation of the Hamiltonian is 
no longer valid, and it should be replaced with the eigen- 
value equation of the Lewis-Riesenfeld invariant. 

Now we consider the atomic centre of mass motion in 
the presence of external fields. For the stationary (or 
adiabatic) case, it follows from Eqs. (8), (9) and (10) 
that the eigenvalue equation of atomic centre of mass 
motion is 



The full Hamiltonian of the two-level atomic ensemble 
interacting with a photon field is H = p 2 /2/i + Ha-f, 
where Ha-f denotes the total Hamiltonian that includes 
the free Hamiltonians of the atomic internal levels, the 
external photon field as well as their interaction Hamil- 
tonian. Ha-f is written in the form 

Ha-f = \fiuj c (|e)(e| - |g)(g|) + h[g (r,i) o|e)<g| 

+5*(r,t)o + |g)<e|] + Wo, (27) 

where a and a) stand for the annihilation and creation 
operators of the photons, respectively. The coupling co- 
efficient in the atom-field Hamiltonian (27) is g(r, t) = 
—E d ■ u*(r, t)/h, where E = ^hu;/2e V stands for the 
electric field strength of monophoton, and d and u de- 
note the clcctric-dipole transition matrix clement and the 
electric-field normal mode, respectively. In the expres- 
sion for Eq, the quantization volume V = J u* • udr. 
According to the Born-Oppcnhcimcr approximation, the 
wavefunction, ^ v ^ m (r,t), of the system under considera- 
tion can be separable, i.e., 



^ n , m {r,t) = <£ n , m (r,t)V u (t)\ip m {r,t;r))}, 



(28) 



where $> n ^ m (r, t) and \ip m (r, t; r))) denote the motional 
state of the atomic centre of mass and the wavefunction of 
atomic internal levels, respectively. The time-dependent 
unitary transformation V u (t) in (28) takes the form 



V u (t) = cxp 



1 

-co 

i 



|e)(e| 



+ a' a t 



(29) 



It follows that the motional state $> V! m (r, t) of the atomic 
centre of mass and the wavefunction \i[) m (r, t; rj)) of 
atomic internal levels satisfy the following two time- 
dependent Schrodinger equations 



2^ + U v>m (r,t) 



d 

<S> v , m (r, t) = ih—<5> 7hm (r, t) (30) 



and 



[H A (r,t) - U v . m (v,t)] \ip m (r,i;r?)) = ih—\ijj m (r,i;r?)), 

(31) 
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respectively. Here the Hamiltonian H\(r,t) is 



corresponding to the energy eigenvalues 



ff A (r,t) = -ftA(|e)<e|-|g)<g|) 

+h [g (r, t) a\e) (g| + g* (r, t) a* |g> (e|] . (32) 

We should simplify Eq. (31). By inserting the relation 
\ip m (r,t;r])) = exp (i/h) J* * U v , m (r, t')dt' \ip m (r, t; rj))u 
into Eq. (31), one can yield 

d 

H A (r,t)\il> m (r, t;T]))u = ih—\ip m {r,t;r)))u. (33) 

In the representation of the two-state base vectors 
{|e), |g)}, the operator |e)(e| — |g)(g| can be rewritten as a 
matrix form, i.e., |e)(e| — |g)(g| = 03. Thus, one can ob- 
tain the commutation relation [o|e)(g|, a t |g)(e|] ~ N'a 3 , 
where the operator N' is 



N' 



aa< 





a^a 



(34) 



The eigenvalue equation of N' is as follows 

<») 

Note that the operator N' commutes with all the gen- 
erators in the Hamiltonian (32). For this reason, the 
eigenstates of N' have an essential significance in treat- 
ing Eq. (31) or (33), namely, the solutions of Eq. (33) 
can be obtained in the sub-Hilbcrt-space corresponding 
to the particular eigenvalue of the operator N'. 

If we set the operators S+ = (m + l) _ 5a|e)(g|, S- = 
(m+ l)-5ot|g)(e| and S 3 = (l/2)<7 3 , we can obtain 
the following commutation relations [5' + ,S'-] = 2 S3 and 
[S 3 ,S±] = ±S±. Thus, the Hamiltonian (32) of the 
atomic internal levels (coupled to a radiation field) can 
be rewritten as 



H A {r, t) = hAS 3 + hV^+l [g (r, t) S+ + g* (r, t) S_] . 

(36) 

B. Adiabatic eigenstates 

It is apparent that the Hamiltonian (36) has a same 
form as (11). Therefore, one can easily obtain the time- 
evolution solution of Eq. (33) by using the method pre- 
sented in the preceding section. So, here we will not 
further discuss this problem. Instead, we will consider 
the stationary (or adiabatic) case for this quantum me- 
chanical system. Calculation shows that the eigenstates 
of the atom-field Hamiltonian (27) are as follows 



|r; m, +) = cos -f-|e, m) — sin -f-|g, m + 1), 
|r; m, — ) — cos ^Ig, m + 1) + sin ^r\e, m) 



U±, m (r) = [m+^\huj± 



^ + (m + l)[. 9 (r)] 2 , 



(38) 



respectively. The parameter angle 6 m in the eigenstates 
(37) is defined as 6 m (r) = arctan [— 2\/m + lg(r)/A] , 
where g(r) is assumed to be a real function. 

In the meanwhile, the motional state of the atomic 
centre of mass satisfies 



*±, m (r) = £$±,m (r) • 



(39) 



(37) 



This means that the atom in the presence of a light field 
will undergo a light-induced force, which can be used to 
guide atomic matter waves. 



C. Atomic matter- wave bandgap structure in a 
weakly guiding field 

External fields (light, electrostatic field and magnetic 
field) can cool, guide and trap atoms. Apart from these 
roles which external fields play, there may be a new ef- 
fect of atomic matter wave arising from the interaction 
between atomic internal levels and external optical fields, 
i.e., the existence of the atomic matter-wave bandgap 
structure in a spatially-periodic guiding field or a cav- 
ity field. As the spatially-periodic potential (or force) 
acting upon the atoms is provided by the optical fields, 
such a medium can also be referred to as " optical lattice 
bandgap medium!' . One of the properties of this optical 
lattice bandgap medium (atomic matter-wave bandgap 
medium) is such that some atoms with certain momen- 
tum can propagate through the potential region, and 
other atoms which have momentum within the atomic 
band gap will, however, be recoiled and therefore cannot 
propagate in the atomic matter-wave bandgap medium. 
As the "lattice constant" of the spatially periodic poten- 
tial (optical lattice) is the wavelength of the optical field, 
in order to form such an optical lattice bandgap struc- 
ture, the atomic momentum should be of about 10~ 27 
Kg-m/s. Thus, such a kind of atomic media (optical lat- 
tice bandgap media) can be realized below T = 1CP 5 K. 

During the last decades, a kind of materials referred to 
as photonic crystals, which is patterned with a periodic- 
ity in dielectric constant and can therefore create a range 
of forbidden frequencies called a photonic band gap, fo- 
cus considerable attention of many researchers [24,25]. 
Likewise, we believe that it is also of physical interest 
to investigate its atomic counterpart, particularly in the 
field of Bose-Einstein condensation (BEC) . The photonic 
crystal is, however, a classically electromagnetic mate- 
rial, since the behavior of light can be governed by the 
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classical Maxwellian equations. Such an atomic (optical 
lattice) bandgap structure medium is a purely quantum 
optical material. Since it will offer the possibility of mold- 
ing the flow of atoms in the guiding potential fields, this 
optical lattice bandgap structure may enable the atomic 
waveguide technique to be achieved more effectively in 
the technology of atom chips. 

Additionally, it has been suggested that the atoms and 
molecules can be trapped inside a single- wall carbon nan- 
otube. Recently, a new molecular conformation of car- 
bon, i.e., the supramolecular assembly comprising C@o 
molecules inside single-wall carbon nanotubes was syn- 
thesized by using transmission electron microscopy [44] 
and vapor phase methods [45]. As the encapsulated Ceo 
molecules with a neighbor distance of 1 nm are in the 
carbon nanotubes, such a molecular assembly is referred 
to as the nanoscopic carbon peapod [44]. The potential 
application of the carbon peapod is such that it can be 
utilized as a memory device capable of storing a bit of in- 
formation by the voltage-driven shuttling of interior Ceo 
between the two endcaps of the single-wall carbon nan- 
otubes [45] . We believe that in addition to the method of 
controlling the Cgo molecules trapped in the nanoscopic 
carbon peapod by using the moderate voltage, it can 
be manipulated by the optical fields in the carbon nan- 
otube. Such optical fields itself has also been trapped in 
the carbon peapod because the electric permittivity in- 
side the carbon nanotube is of spatial periodicity. Thus, 
the carbon peapod can be considered a one-dimensional 
photonic crystal. In the next section, we will propose 
a theoretical mechanism for the coherent control of Ceo 
molecules trapped in the nanoscopic carbon peapod by 
both the external controlling light and the interior optical 
fields trapped in the carbon nanotube. 



V. COHERENT CONTROL OF THREE-LEVEL 
ATOMIC MATTER WAVE BY AN EXTERNAL 
CONTROLLING FIELD 



denoted by |e), |gi) and |g2), respectively. The cor- 
responding energy eigenvalues of these three states are 
huj c , hu) Sl and Hlj S2 , respectively. lo\ and uj 2 in (40) 
denote the mode frequencies of the two photon fields 
coupled to the |gi)-|e) and |g2)-| e ) transitions, the cou- 
pling coefficients of which are gi and g 2 , respectively. 
By using the Born-Oppcnheimcr approximation, the 
separable wavefunction ^ nini ,n 2 ( r ) can be written as 



i),ni,ii2 



(r) = $ 



?7,ni ,ri2 



(r) |r; m,n 2 , r)), where $ r): n 1 ,™ 2 (r) 



and |r; rii, ri2, f?) stand for the motional state of atomic 
centre of mass and the eigenstate of the interaction be- 
tween atomic internal levels and two radiation fields, 
the latter of which agrees with the eigenvalue equation 



H A -f (r) |r;m, ra 2 ,f7) = £ v 



(r) |r; m, n 2 , rj) with 77 = 



0, ±. Its three eigenstates are given as follows 



|r; m,n2,0) =N {g 2 \/n 2 + l|gi,ni + l,n 2 ) 
-gWni + l|g 2 , ni,n 2 + 1)), 

|r;7Ji,7Z 2 ,±) = Af±[\e, m, n 2 ) 

+k±{gWn 1 + l|gi,ni + l,n 2 ) 

+W«2 + l|g2, Til, n 2 + 1))], 

where the parameter 



(41) 



k± = 



A/o£o,ni 



± 



+ 4A/-2 



(42) 



The normalized coefficients ir 
+ .9|(«2 + 1), A4 



(41) 



■A/o = 



1/y/l + kl/Nl 
The corresponding energy eigenvalues of the three eigen- 
states (41) are given by 



£o,n u n 2 =h(u C + TI1U1 + n 2 U! 2 ) 



£±,m,n 2 — r, I £o,ni,n 2 ^ \ ^0,m,n 2 + 



4rV 



(43) 



In this section, a scheme to manipulate atomic matter 
waves inside the wave guide by using an external con- 
trolling field is suggested. If, for example, such guided 
atoms have a system of three-level configuration, the full 
Hamiltonian of which is H = p 2 /2[i + Ha—f (r), where 
the atom-field Hamiltonian Ha—f (r) reads 

H A - F (r) = ^°|c)(c| +^|gi)( gl | +^|g 2 )(g 2 | 
+huiia\ai + hu 2 a 2 a 2 

+%i (r) (ai|e)(gi|+al|gi)(e|) 

+Hg 2 (r) (a 2 |c)(g 2 | +4lg2>(c|) . (40) 

Here we assume that the three-level atom has one up- 
per (excited) and two lower (ground) states, which are 



Thus the state $ 
motion satisfies 

^_ c f \ 

2ji vs 11 '™ 2 



V, n l, n 2 



(r) of the atomic centre of mass 



i|,ni,H2 



i),ni ,n 2 



(r). (44) 



It should be noted that the presented formulation can 
be applied to the investigation of the controllable manip- 
ulation of three-level atomic matter-wave bandgap struc- 
ture by the external controlling light. It follows from 
Eq. (44) that the atomic matter-wave bandgap structure 
caused by one of the optical fields, say, the field coupled 
to the |gi)-|e) level pair, can be controllably manipulated 
by another optical fields (i.e., the optical field coupled to 
the |g 2 )-|e) pair). 
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VI. CONCLUDING REMARKS 

The motion of atoms inside the guides in both tem- 
poral and spatial domains were discussed in the present 
paper. We considered four topics: (i) a phenomenologi- 
cal model to describe the wave propagation of atoms in 
the curved atom guides; (ii) the motion of atomic matter 
wave in the presence of both classical and quantized guid- 
ing fields; (iii) the existence of the atomic matter-wave 
bandgap (optical lattice bandgap) structure in a cavity 
field or a spatially periodic guiding field; (iv) the con- 
trollable manipulation of three-level atomic matter wave 
in a wave guide by an external controlling light. The 
paper provided a theoretical formulation for treating the 
time evolutional process of the atomic matter wave by 
the time-dependent guiding potential. One of the most 
remarkable concepts in this paper is the atomic matter- 
wave bandgap structure. We pointed out that such an 
atomic bandgap medium can be coherently controlled by 
external fields, which may have some potential applica- 
tions in information technology, e.g., the technique of 
information storage. 
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